Introduction
Let Q be a bounded domain in R n with smooth boundary BQ. In this paper we consider the parabolic initial-boundary value problem These conditions guarantee the unique existence of local (in time) solution u(x,t)>Q which satisfies (0.1) ~ (0.3) in a weak sense (cf. e.g., [1] , [2] , [12] and [13] ). In the following we do not enter into this existence problem. The definition Communicated by S. Matsuura, April 11, 1989 . Revised December 4, 1990 . 1991 Mathematics Subject Classification: 35K65. Toyoshina High School, Toyoshina-cho, 399-82, Nagano Prefecture, Japan. Department of Mathematics, Faculty of Science, Shinshu University, Matsumoto 390, Japan.
of "weak" solutions will be given below in §1. Equation (0.1) arises e.g., in the study of thermal diffusion phenomena with heat source. In this case u(x,i) represents a temperature, and there may be several situations which force its maximal value to increase indefinitely in a finite time. The object of this paper is to obtain conditions which ensure the blow-up of solutions. In addition we shall study some behaviours of solutions at the blowup time.
In semilinear cases a(t~) = £, these problems have been studied by many authors: see e.g., [3] , [5] , [6] , [8] and [11] . However, there are not so many studies in the above quasilinear cases. We reffer [4] , [7] , [9] and [10] . Among them in Itaya [9] , [10] is treated the initial-boundary value problem for
Assuming fe(£)>0 and &'(l)-® f°r a U £-®, he discussed how the coefficient &(£) affects the blow-up and nonblow-up properties of solutions.
In §1 we shall summarize Itaya's results under slightly weaker conditions on coefficients. Let (s(jt),A) be the principal eigen-solution of -A in Q with boundary condition (0.2) (s is normalized: s>0 and $ Q s(x)dx= 1). Put Note that these conditions are almost necessary to raise the blow-up. More precisely, the following (A5) or (A6) enables us to obtain apriori estimates (Theorem 1.5) which, with some additional conditions, may imply the global existence of solutions.
(A5) There exist constants a, /3>0 such that In §2 we shall employ methods of Friedman-McLeod [5] (cf. also ChenMatano [3] and Fujita-Chen [6] ) to obtain several properties of solutions near the blow-up time, say t=T.
An interesting result is obtained for the Neumann problem. Let n = 1 and assume that then the blow-up situation is completely changed. In this case, with some additional conditions, the so-called single point blow-up occurs (Corollary 2.5) as in the case of semilinear equations. Finally, we note that the Cauchy problem for (0.1) is studied in the recent work of Suzuki [14] , where asymptotic behaviours of the free boundary is discussed near the blow-up time. §1. Blow-up and Nonblow-up Properties By a solution of the initial-boundary value problem (0.1)
for any 0 < f n < f A < T and nonnegative <p E C 2 (Q x [0,7)) verifying the boundary condition B<p(x,i) = 0 on d<Q x [0,T).
This "weak" solution is the limit of a monotone nonincreasing sequence of classical solutions for regularized problems of (0.1) ~(0.3). So the usual comparison theorem holds. Moreover, if u 0 (x) > 0 in Q, the corresponding solution is classical.
For each solution u(x,f) we define J(f) by (0.4). Then by (i) J(f) is continuous in f >0, and by (iii)
and satisfies the boundary condition.
Theorem 1.1. We assume (A4). Then there exists a T>0 such that
Proof. Let g be as given in (A4). Then from (1.1) Next we assume (A5) or (A6), and obtain apriori estimates which will play an important role in the study of nonblow-up properties of solutions. Proof. The left side of (1.7) being continuous in tE. (0,T), we can choose T 0 E(0,r) to satisfy
, JQ
where \Q\ = $&dx. Next, since we have F( §) </( §)£, it follows from (0.9) and (1 .7) Proof. Note that w(*,r) satisfies (0.1) in the classical sense at each point (x,t) E Qx (0,T) where w(jc,^)>0. Thus, to show this theorem we can assume u(x,t} is a classical solution.
M(t). JQ

M(0)<C T <--M T <M T , by continuity of M(t) in t, M(t) is not larger than
( 
1) Let U(ti) = u(x h ti), i = 1,2. Then since a(U(t 2 )) -a(U(tJ) < a(u(x 29 t 2 )) -a(u(x 2 ,td), a(U(t 2 )) -a(U( tl )) > «( M (a: 1 ,r 2 )) -a(u(x l9 t,)) 9 it follows that a(U(t)) is Lipschitz continuous and a(U(t 2 ))-a(U( tl ))
Remark. For the Dirichlet or Robin problem, (A7) with e 2 < XL 2 gives a nonblow-up condition.
Applying (A7) to the right, we have
u(x 9 t)-V(t)
where C T^ = (LC T +^) 1/2 . This implies From Theorem 2.1 (1) it follows that F(f)-*°° as t | T, and hence tt(*,f) blows up at any point ^E[0,L]. Moreover, since
(1 -e)U(t) -C r j*u(x,t) < by use of Theorem 2.1 (1) and (2), we conclude (2.5). D
The above theorem asserts that u(x,i) blows up uniformly in Q:
It may be interesting to compare this with results on the so-called single point blow-up.
In the following we restrict ourselves to the case n = l and Q= (0,L), and follow the argument of [3] , [5] , [6] developed for semi-linear blow-up problems. We require (A4) and 
12) [a'(u)J], -J xx = A(x,t)J x + B(x,t)J + C(x,f) + D(x,t)
in <w 0 x (t,T), where
D(x,t) = -
We additionally assume the following (A9) For a(£) and /(£) there exists a function <P(tj) such that Proof. We shall show this theorem in the case (2.7)'. Contrary to the conclusion, assume that z G co 0 is a blow-up point of u(x,t). Then by Lemma 2.3 we have (2.19) lim inf u(x,t) = ^ for any a) = (x,y) CC (jt 0 ,z).
ft Tx^a)
We put in (2.11)
where £>0 is a parameter. We choose M = 2(jtl€) 2 in (A9) and £Q = &(£i)/4jr. By (2.19) there exists r< r < T such that M(jc,f)^£ 2 in fl>x(F,r).
Thus, as remarked in the beginning of §1, u(x,t) is classical in cox (r,T). Since 
